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ABSTRACT: Let S = >q S'(„ „ ) be a finitely generated standard 
multi-graded algebra over a Noetherian local ring A. This paper first expresses 
■ mixed multiphcities of S in term of Hilbert-Samuel multiphcity that explained 

• the mixed multiphcities S as the Hilbert-Samuel multiplicities for quotient 

, modules of S(^ni,...,ns)- -^^ ^.n application, we get formulas for the mixed mul- 

tiplicities of ideals that covers the main result of Trung-Verma in [TV] . 

1. Introduction 

I Throughout this paper, let [A, m) denote a Noetherian local ring with maximal ideal 

Tj- ! Tn, infinite residue k = A/xn; S = ns>o ^{ni,---,ns) (s > 0) a finitely generated 

^ I standard s-graded algebra over A. Let J be an m-primary ideal of A. Set 



o 



a^ : n>0 ^ ^(n,...,n) 

O 

and i = dim Dya{S). Then 

$H ^(r!,i,...,n3) 

is a polynomial of total degree i — 1 in no, rii, . . . , for all large no, tt-i, . . . , (see 
Section 3). If we write the term of total degree £ — 1 in this polynomial in the form 



Ee{J,ko,ki,...,ks,S)-^—^ 



ko+k-i+---+ks=e-l ^ 

then e( J, fco, ^i, • • • , kg, S) are non- negative integers not all zero and called the mixed 
multiplicity of S of type {ko, ki, . . . , kg) with respect to J. 

In particular, when S = A[Iiti, . . . , Igig] is a multi-graded Rees algebra of ideals 
/i, . . . , Is, e( J, ko, ki, . . . , ks, S) exactly is the mixed multiplicity of a set of ideals 
( J, Ji, . . . , h) in local ring A{see [Ve2] or [HHRT]). 
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Mixed multiplicities of ideals were first introduced by Teissier and Risler in 1973 
for two m-primary ideals and in this case they can be interpreted as the multiplicity 
of general elements [Te]. Next, Rees in 1984 proved that each mixed multiphcities 
of a set of m-primary ideals is the multiplicity of a joint reduction of them [Rc]. 
In general, mixed multiplicities have been mentioned in the works of Verma, Katz, 
Swanson and other authors, sec e.g. [Vcl], [Vc2], [Vc3], [Sw], [HHRT], [KV], [Trl]. 
By using the concept of (FC)-scqucnccs, Vict in 2000 showed that one can transmute 
mixed multiplicities of a set of arbitrary ideals into Hilbert-Samuel multiplicities [Vi] . 
Trung in 2001 gave the criteria for the positivity of mixed multiplicities of an ideal 
/ [Tr2]. Similar to the methods of Viet [Vi], Trung and Verma in 2007 characterize 
also mixed multiplicities of a set of ideals, in term of superficial sequences [TV]. 
Moreover, some another authors have extended mixed multiplicities of a set of ideals 
to modules, e.g. Kirby and Rees in [KRl, KR2]. Kleiman and Thorup in [KTl, 
KT2], Manh and Viet in [MVl]. In a recent paper [VM] Vict and Manh investigated 
the mixed multiplicities of multigraded algebas over Artinian local rings. 

In this paper, we consider mixed multiplicities of multi-graded algebra S over 
Noetherian local ring. Our aim is to characterize mixed multi-graded of S with 
respect to J in term of Hilbert-Samuel multiplicity (Theorem 3.3, Sect. 3). As an 
application, we get a version of Theorem 3.3 for mixed multiplicities of arbitrary 
ideals in local rings (Theorem 4.3, Sect. 4) that covers the main result in [TV]. 

The paper is divided in four sections. In Section 2, we investigate (FC)-sequences 
of multi-graded algebras. Section 3 gives some results on expressing mixed multi- 
plicities of multi-graded algebras in terms of Hilbert-Samuel multiplicity. Section 4 
devoted to the discussion of mixed multiplicities of arbitrary ideals in local rings. 

2. (FC)-sequences of multi-graded algebreis 

The author in [Vi] built (PC) -sequences of ideals in local ring for calculating 
mixed multiplicities of set of ideals. In order to study mixed multiplicities of multi- 
graded algebras, this section introduces (FC)-sequences in multi-graded algebras 
and gives some important properties of these sequences. 

Set a: b~ = Ur=o(ci: ^")' and 

{M : N)a = {ae A\aN C M}; 

^+ — 'S'(ni,...,ns)j 

niH \-ns>0 

Si = 5'(o,...,^i^,...,o); 

Si' — SiS — S(^ni,...,ns){i — 1, 2, s); 

ni>Q 

ni,...,ns>0 
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Definition 2.1. Let S — ns>o '^(m, ^ finitely generated standard s- 

graded algebra over a Noetherian local ring A such that is non-nilpotent and let 
I be an ideal of A. A homogeneous element x & S is called a weak- (FC)-element of 
S with respect to I if there exists i & {1,2, . . . , s} such that x & Si and 

(FCi): xS(m,...,n,~i,...,n,) n /"°5'(„i,...,n,) = xF'^ S^ni,...,ni-i,...,n,) foT all large 
no,ni, . . .,ns. 

(FC2): X is a filter-regular element of S, i.e., (0 : x){n-^,...,ns) — fof all large 
ni, ...,ns. 

Let Xi, . . . ,Xt be a sequence in S. We call that Xi, . . . ,Xt is a weak- (FC)-sequence 
of S with respect to I if Xi+i is a weak- (FC)- element of S/{x\, . . . ,Xi)S with respect 
to I for all i — . . . ,t — 1, where Xj+i is the image of Xi+i in S/ {xi, . . . , Xi)S. 

Example 2.2: Let R — ^[-^1, X2, . . . , Xi\ be the ring of polynomial in t indetermi- 
nates Xi,X2, . . . ,Xi with coefficients in A [dimiA — d> Qi). Then R — 0^>o Rm is 
a finitely generated standard graded algebra over A, where Rm is the set of all ho- 
mogeneous polynomials of degree m and the zero polynomial. It is well known that 
Xi, X2, . . . , is a regular sequence of R. Let / be an ideal of A. It is easy to see that 
XiRm-i'^IRm and IXiRm-i are both the set of all homogeneous polynomials of de- 
gree m with coefficients in J and divided by Xi. Hence Xii?^-! H IRm = IXiR^-i 
for any ideal / of A. Using the results just obtained and the fact that 

R/ {Xi, . . . , Xi)R — A[Xij^i, ...,X^ 

for all i < t, we immediately show that Xi, X2, . . . , Xf he a weak-(FC)-sequence of 
R with respect to / for any ideal I oi A. 

Now, we give some comments on weak-(FC)-sequences of a finitely generated 
standard multi-graded algebra over A by the following remark. 

Remark 2.3. 

(i) By Artin-Rees lemma, there exists integer ui,U2, ■ ■ ■ ,Us such that 

(0 : 5"^+) Pi = S(m-ui,...,ns-u,){{0 : 5"++) Q 

Q S{ni-ui,...,ns-Us){^ '■ 

for all rii > Ui, . . . ,ns > Us- Since S{ni-ui,...,ns-us) 

(0 : S^^) = for all large 

enough rii, . . . , Us, it follows that (0 : S^^)(nu...,n,) = (0 : f) -S(ni,...,n.) = 
for all large enough rii, . . . , n^. 

(ii) Let X e 5" be a homogeneous element. If : x C : S'^_^ then, by (i), 

(0:x)(„,)C(0:5-J(„,) = 
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for all large ni,...,ns. Thus x is a filter- regular element of S. Conversely, 
suppose that x is a filter-regular element of S. We have 

'S'(ni,...,ns)(0 • ^){vi,...,Vs) Q (0 : x)(^ni+vi,...,ns+Vs) — 

for all large rii, . . . ,ns and all vi, . . . ,Vs- It implies that 

(0 : C (0 : S^^) C (0 : S^^) 

for all large n and all vi, . . . , Vg. Hence (0 : x) C (0 : '5'^+). Therefore x is a 
filter-regular element of S if and only if : x C : S^_^. 

(iii) Suppose that x e Si is a, filter-regular element of S. Consider 

'■ S^ni,...,ni,...,ns) ^ xS^ni,...,ni-l,...,ns)i V ^ ^li- 
lt is clear that Xx is surjective and kerAj; = (0 : x) n S(^ni,...,ns) — for all large 
ni, ...,ns. Therefore, ^ xS(m,...,ni-i,...,n,)- This follows that 

IS(^ni,...,ni,...,ne) — S(n\,...,ni-l,...,na) 

for all large ni, . . . , and for any ideal / of A. 

(iv) If 5*++ is non-nilpotent then S{n^...^n) 7^ for all n. Hence, by Nakayama's 
Lemma, {D^iS))n = JT+fa"''"'"'' 7^ for all n. It implies that dimD^f^) > 1. 

The following lemma will play a crucial role for showing the existence of weak- 
(FC) -sequence. 

Lemma 2.4 (Generalized Rees's Lemma). Let {A,m.) be a Noetherian local 
ring with maximal ideal m, infinite residue k = A/m. Let S = ns>o '^(n, ■■■,"<>) 

be a finitely generated standard s-graded algebra over A; I be an ideal of A. Let 
E be a finite collection of prime ideals of S not containing <S'(i^...^i). Then for each 
i — 1, . . . ,s, there exists an element Xi e Si\m.Si, Xi not contained in any prime 
ideal in and a positive integer ki such that 

XiS(ni,...,ni-l,...,ns) ^ ^ "*5(ni,...,ns) ~ ^i-^ ">S'(ni,...,ni-l,...,ns) 

for all rii > ki and all non-negative integers no, rii, . . . , rii+i, . . . , n^. 
Proof. In the ring S[t,t-^] {t is an indeterminate), set 

noe'Z noeZ;ni,...,ns>0 

where I'^ — A for n < 0. Then S* is a Noetherian (s -|- l)-graded ring. From u = t~^ 
is non-zero-divisor in 5"*, by the Corollary of [Lemma 2.7, Re], the set of prime 
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associated with u^S* is independent on n > and so is finite. We divide this set 
into two subsets: ©i consisting of those containing Si and ©2 those that do not 
(where 5i = 5(0,...,!,.. .,0) = 5(*oo,..., 1 

(i) (i + 1) 

From Si/mSi is a vector space over the infinite field k and the sets S, ©2 are both 
finite, we can choose Xi G Si\mSi such that Xi is not contained in any prime ideal 
belonging to S U ©2. Set 

_ {u^S* : Xi) n S* 

Then M„ is a S'*-module for any n > 0. We need must show that there exists a 
sufficiently large integer > such that S'f M„ = 0. Note that if P G Asss-M„ 
then P G Ass^.S'V^^^'S'* = ©1 U ©2, and there exists z G ^"5** : Xi such that 
P = u^S* : z. Since XiZ G G P. So P G ©1. Hence Si C P. It follows that 

5* C flpsAsss.M^ ^- Therefore 

5i C VAnn5.iI/4. 

Since is finitely generated, there exists a sufficiently large integer A^ > (how 
large depending on n) such that S^Mn = 0. Hence, for all large rii > N, any 
element of M„ of degree (no,ni, . . . ,ns) is zero. This means that, for each n > 0, 
we have 

(M"J"°5(„,...,„,)r° : Xi) f]S* = M"/"°5(„„„„„,_i,...,„,)r« (1) 

for all large rii and all non-negative integers no, rii, . . . , rii^i, n^+i, . . . , n^. 
Let b denote the ideal of S* consisting of all finite sums Cno^"" with 

Cno ^ '^i'S'^^j^ — l,...,na) n/ »S'(nx,...,ns) • 

Then b has a finite generating set of the form Xibit"'° with 6j G Note 
that if 7^ a G I'^S and m > no then at"" G 5"*. Specially, if no < then at"" G 5** 
for all a G S*. Hence since the above generating set of b is finite, it follows that there 
exists an integer q such that u^if^^ = bit"'°~'^ G S* for all element of this generating 
set [q is chosen such that no — g < for all no). Therefore b C XiS* : u'^. 
Now, suppose that z G XiS(^ni,...,ni-i,...,ns) n 1"'° S(ni,...,ns)- This means 2;^"" G b. 
Because b C Xj^* : ■u'^, u'^zt'^° = XiW, where w G 5*. Since z G it 
follows that XiW = u'^zt"'° G u'^I"'° S(^ni,...,ns)t"''^ ■ Hence, by ([1]), we can find ki such 
that 

w G (n^/""%,,...,„,)t"° : X,) f]S* = 

for all nj > ki. Thus u'^zt"'^ = XiW G XiU'^I"'° S(^ni,...,n,-i,...,ns)t"'" ■ Since u and t are 
non-zero-divisors in 5**, z G Xj/"'"5'(„j^...^„._i^,,._na). Hence if rii > ki, 

XiSi^ni,...,ni-l,...,ns) ^ ^ S (^rii,...,ns) ^ ^i-^ ^ {ni,...,ni-l,...,ns) ■ 

Consequently, XiS(^ni,...,n,-i,...,ns) H I"'''S^m,...,ns) = a;j/"°5'(„^,...,„._i,„„„^). ■ 
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The following proposition will show the existence of weak-(FC) sequence. 

Proposition 2.5. Suppose that S++ is non-nilpotent. Then for any 1 < i < s, 
there exists a weak- (FC)- element x G Si of S with respect to I. 

Proof. Since S++ is non-nilpotent, S/0 : S'^^ ^ 0. Set 

S = Asss(^/0 : 5^+) = {P G Ass5 | P ^ 

Then E is finite. By Lemma 2.4, for each i — l,...,s, there exists x e Si\ mSi such 
that X ^ P for all P e E and 

•<"J(ni,...,ni-l,...,ns) ' ' ^ 'J(ni,. ...,ns) — ^(ni,...,ns)- 



Thus X satisfies the condition (FCi). Since x ^ P for all P e E, : x C : jS"' 
Hence by Remark 2.3(ii), x satisfies the condition (FC2). ■ 



00 
++■ 



3. Mixed multiplicities of multi-graded algebreis 

This section first determines mixed multiplicities of multi-graded algebras de- 
fined over a Noetherian local ring, next answers to the question when these mixed 
multiplicities are positive and characterizes them in term of Hilbert-Samuel multi- 
plicities. 

Let S — „^>o 'S'(ni,...,ns) be a finitely generated standard s-graded algebra 

over a Noetherian local ring A such that 5"++ is non-nilpotent and J be an m-primary 
ideal of A. Since 



e 



S(^ni,...,ns) 



no,m,...,ns>0 '^(ni,...,ns) 

is a finitely generated standard s-graded algebra over Artinian local ring A/ J, by 
[HHRT, Theorem 4.1], 

J'^o+^S(^ni,...,ns) 

is a polynomial for all large no, rii, . . . , ris- Denote by P(no, ni, . . . , ris) this polyno- 
mial. Set 



>J{n,...,n) 
J'^^^S(n,...,n) 



n>0 

and I = d\m.D^{S). By Remark 2.3(iv), ^>l. Note that cYimDj{S) = d^mvD,^{S) 
for all m-primary ideal J of A and deg P(no, ni, . . . , Us) — deg P{n, n, . . . ,n). Since 

P(n, n,...,n)= f^i:-'" ) = iA{Dj{S)n) 

'J >~'{n,...,n) 

for all large n, it follows that deg P(n,n, . . . ,n) = dimDj^S) — 1 = £ — 1. Hence 
deg P(no, rii, . . . ,ns) = i - 1. 
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If we write the term of total degree £ — 1 of P in the form 



e{J,ko,ki,...,ks,S)- 



no!ni!---ns! 

ko+ki+-+ks=e-l " ^ * 

then e( J, ko,ki, . . . , ks, S) are non- negative integers not all zero and called the mixed 
multiplicity of S of type {ko, ki, . . . ,ks) with respect to J. 

Prom now on, the notation e^iJ, M) will mean the Hilbert-Samuel multiplicity 
of A-module M with respect to ideal m-primary J of A. We shall begin the section 
with the following lemma. 

Lemma 3.1. Let S be a finitely generated standard s- graded algebra over a Noethe- 
rian local ring A such that 5'++ is non-nilpotent and J be an m-primary ideal of 
A. Set I = dimDrn{S). Then e{J, ko,0, . . . ,0, S) ^ if and only if dim A/ {0 : 
^(1 1))^ ~ ^- -^'^ case, e( J, /cq, 0, . . . , 0, 5") = J, 'S'(„_. for all large n. 

Proof. Denote by P(no, rii, . . . , n^) the polynomial of 

n ( ^(ni,...,ns) ^^ 

'J(ni,...,ns) 

Then P is a polynomial of total degree £ ^ 1. By taking Ui = n2 = ■ ■ ■ = Us = u, 
where m is a sufficiently large integer, we get 

e(J, fco,0, . . . ,0,5^) = hm . 

no->-oo 

Since Pino, u, . . . ,u) = £a{ mn+io'"' )■, it follows that 

deg P{no, u,...,u)^ dim^ S(u,...,u) - 1 
and e( J, ko,Q, . . . ,0, S) 7^ if and only if 

deg P{no, u,...,u)^ dim^ S(u,...,u) -1^ 

Since A is Noetherian, (0 : i^)a — (0 : S^^ ^■^)a — (0 : S(n,...,n))A for all large n. 
Hence if u is chosen sufficiently large, we have 

dim^ = dimA/(0 : %,...,„))a = dimA/(0 : S^^^^^)a. 
Therefore e(J, ko,0, . . . ,0, S) if and only if dim A/(0 : = t Finally, if 

dim A/ (0 : S'^ ^■^)a — ^ then dim^ S{n,...,n) — 1 = — 1 for all large n and hence 

{^-i)UA{ jZh-'-\ ) 

eA{J:S^ri,...,n)) ^ lim ^^^^^^ 



for all large integer n. ■ 



(£- l)!P(no,n, /t, ^ n c^ 

hm ^ — = e( J, fto, 0, . . . , 0, 5^) 

no ^00 n 
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Proposition 3.2. Let S be a finitely generated standard s-graded algebra over a 
Noetherian local ring A such that S++ is non-nilpotent and J be an m-primary ideal 
of A. Set I — dim . Assume thate{J, ko, ki, . . . , kg, S) ^ 0, where ko, ki, . . . ,ks 

are non-negative integers such that ko + ki + ■ ■ ■ + kg — i — 1. Then 

(i) If ki > and x E Si is a weak- (FC)-element of S with respect to J then 

e( J, kg, ki, . . . , kg, S) — e( J, kg, ki, . . . , ki — 1, . . . , kg, S/ xS), 
and dim D^{S/xS) = i — 1. 

(ii) There exists a weak- (FC) -sequence oft — ki-\-----\-kg elements of S in Ui=i 
with respect to J consisting of ki elements of Si, . . ., kg elements of Sg. 

Proof. The proof of (i): Denote by P{nQ,ni, . . . ,ng) the polynomial of 



Then deg P = t — l. Since x satisfies the condition (FCi), for all large no, ni, . . . , n^, 
we have 

p / '^"°('S'/-'^'S')(ni,...,na) \ _f ( '^"'"i'^ini,-,ns)/^Sini,...,ni-l,...,ns)) v 

^h-o+^{s/xs\^,_^y- ^v-o+i(5(„^,...,„^)/x5(„^,...,„^_,,...,„^))^ 

n I ^ ^(ni,...,ns) "t" •^'-'{ni,...,ni-l,...,ns) x 



J^°~^^S(^ni,...,ns) + xS(^ni,...,ni-l,...,ns) 

<^ »J(rai,...,ns) N 

(ni,...,ns ) 

_ £ / °S(ni,...,ns) N 

^^J''''+^S(^n„...,n.)+xSin„...,n,-l,...,n.) D J^'^ S^n„...,n.) 

J"" ^ 

J^'>~^^S(^ni,...,ns) + xJ"'°S(^ni,...,ni-l,...,ns) 

/, ^ J"'°S(^ni,...,ns) ^ p ^ J"'°'^ '5'(ni,...,ns) + ^■^"°'S'(ni,...,nj-l,...,ns; 

7n„+1 o ^^l^ 7no+l Q, ^ ' 

•J 'J(ni,...,ns) 

_, _ xJ''^S(n^^...,ni-l,...,ns) . 

^(ni,...,ni-l,...,ns) i i <^ 'J(ni,...,ns) 
_ " --i,)ti,...,7tsj .( ^(ni,...,ni-l,...,ns) 



/no+l C, 


■ ■,ns) 


"J 'J(ni,... 




/no +19. 


..,ns) 


/-no C, 
<^ 'J(ni,... 






• •,ns) 



xJ^^^^S{^n-^^,,,^ni-\,...,ns) 

Since a; is a filter-regular element of S, it follows by Remark 2.3(iii) that 

»-'(ni,...,ni,...,ns) — *-'(ni,... ,71,-1,. ..,ns) 
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for all Uq and all large rii, . . . , n^. Thus we have an isomorphism of A-modules 

■^'J i~'(ni,...,ni-l,...,ns) ^ '-J{ni,...,ni-l,...,ns) 
xJ'^'^'^'^S[ni,...,ni-l,...,ns) <^"'"^"^>S'(ni,...,ni-l,...,ns) 

for all large no, rii, . . . , Ug- So 

•^"J ^(ni,...,ni-l,...,ns) \ _ n i 'J(ni,...,ni-l,...,ns) 



\ B ( "\ni,—,ni-i,...,Usl \ 



xJ'"°'^^S(^ni,...,ni-l,...,ne) J"'^^^ S(^ni,...,ni-l,...,ns 

Hence 



for all large no,ni, . . . ,ns- Denote by Q{no, rii, . . . ,ns) the polynomial of 

^ , J""(5y,r5)(,„ 



)■ 



Prom the above fact, we get 

Q{no, ni, . . . , Us) = P{no, ni, . . . , n^, . . . , - P{no, rii, . . . , - 1, . . . , n^). 

Since e( J, /cq, /ci, . . . , /c^, 5") 7^ and ki > 0, it implies that deg Q = deg P — 1 and 

e(t7, /cq, ki, . . . , /ci, ■ ■ ■ , /Cs, — e(t/, /cq, /ci, . . . , ki 1, . . . , /c^, jS*/ xS^. 

Note that degQ = dim ^^(^/xS') - 1. Hence 

dim Dr^{S/xS) = deg Q + 1 = deg P = £ - 1. 

The proof of (ii): The proof is by induction ont — ki-\ l-kg. For t — 0, the result 

is trivial. Assume that t > 0. Since ki-\ \- kg — t > 0, there exists kj > 0. Since 

5"++ is non-nilpotent, by Proposition 2.5, there exists a weak-(FC) element Xi e Sj 
of 5" with respect to J. By (i), 

e(J, ko,ki,...,ki-l,..., kg, S/xiS) = e(J, ko, ki, . . . , kg, S) ^ 0. 

This follows that 

J-°{S/x,S)^n„...,n.) 



J-o+i(5/a;i^)(„„...,„,) 

and so {S/xiS)(ni n,,) 7^ for all large ni,...,ns. Hence {S/xiS)+-^- is non- 
nilpotent. Since ki + - ■ ■ + kj — 1 + - ■ ■ + ks = t — 1, by the inductive assumption, there 
exists t — 1 elements X2, ■ ■ ■ ,Xt consisting of ki elements oi Si, kj — 1 elements 
of Sj, kg elements of Sg such that X2, ■ ■ ■ iXt is a weak-(FC)-sequence of S/xiS 
with respect to J {xi is initial form of Xi in S/xiS, i — 2, . . . ,t). Hence xi, . . . ,Xt is 
a weak-(FC)-sequence of ^S" with respect to J consisting of ki elements of Si, kg 
elements of 5*5. ■ 
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The following theorem will give the criteria for the positivity of mixed multiplic- 
ities and characterize them in term of Hilbert-Samuel multiplicity. 

Theorem 3.3. Let S be a finitely generated standard s-graded algebra over a Noethe- 
rian local ring A such that S^^ is non-nilpotent. Let J be an m-primary ideal of A. 
Set £ — dim Djn{S) . Then the following statements hold. 

(i) e{J, ko, ki, . . . , kg, S) ^ if and only if there exists a weak-(FC)-sequence 
xi, . . . ,Xt (t = ki + ■ ■ ■ + ks) of S with respect to J consisting of ki elements 
of Si, ks elements of Ss and 

dim Dm{S/{x I, . . .,Xt)S) = dimA/{{xi, . . .,Xt)S : S^^_^^^)a ^i-t. 

(ii) Suppose that e( J, ko, ki, . . . , kg, S) and xi, . . . ,Xt {t = ki + ■ ■ ■ + ks) is a 
weak-(FC)-sequence of S with respect to J consisting of ki elements of Si, 
kg elements of Sg- Set S — S/ (xi, . . . , Xt)S. Then 

e( J, ko, ki,..., ks, S) = eA{J, %,...,«)) 

for all large n. 



Proof. The proof of (i): First, we prove the necessary condition. By Proposition 
3.2(ii), there exists a weak-(FC)-sequence xi, . . . ,Xtoi S with respect to J consisting 
of ki elements of 5"!, ks elements of Ss- Set S — S/{xi, . . . ,Xt)S. Applying 
Proposition 3.2(i) by induction on t, we get dim Dm{S) — £ — t and 

^ e(J, ko, ki,..., ks, S) = e{J, ko,0,. . ., 0, S). 

Hence by Lemma 3.1, dimA/(0 : S'^ -^^)a — £ — t. Since 

dim A/(0 : S^_i))a = dimA/((xi, Xt)S : 5(T,...,i))a, 

it follows that dim Dm{S/ {xi, . . . , Xt)S) = dim A/ {{xi, . . . , Xt)S : S"^ ^'^)a = £ — t. 
Now, wc prove the sufficiently condition. Without loss of general, we may assume 
that xi G Si. Denote by P{no, ui, . . . , ris) and Qijio, ni, . . . , Ug) the polynomials of 



respectively. Then by the proof of Proposition 3.2(i) we have 

Q{no, ni,..., ris) = P{no, rii, . . . , n^, . . . , n^) - P{no, rii, . . . , - 1, . . . , n^). 

This implies that degQ < degP — 1. Recall that degQ = dimD^{S/xiS) — 1 and 
degP = dimDmiS) - 1. So dimDmiS/xiS) < dim DmiS) - 1. Similarly, we have 

£-t =dimDm{S/{xi, . . .,Xt)S) < dimDm{S/{xi, . . .,Xt_i)S) - 1 
< • • • < dimD^{S/xiS) -{t-l)< dim D^{S) -t = £-t. 
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This fact follows dim D^iS/xiS) = dim D^iS) - 1. Thus deg Q = deg P - 1. Hence 

e( J, ko, ki,..., kg, S) = e( J, ko, ki, . . . , ki - 1, . . . , kg, S/xiS). 
By induction we have e( J, kg, ki, . . . , kg, S) = e( J, ko,0, . . . , 0, S). Since 

dim A/(0 : S^,...,^))a = dimA/{{x,, Xt)S : S^_,^)a ^i-t^ dimL>^(^), 
it follows, by Lemma 3.1, that e( J, /cq, 0, . . . , 0, 5) 7^ 0. Hence 

e{J,ko,ki, . . . ,ks,S) ^ 0. 

The proof of (ii): Applying Proposition 3.2(i), by induction on t, we obtain 

^ e( J, fco, fci, . . . , A;,, >S) = e( J, fco, 0, . . . , 0, 

On the other hand, by Lemma 3.1, e( J, ko, 0, . . . , 0, S") = e^iJ, S(n,...,n)) for all large 
integer n. Hence e( J, kg, ki, . . . , kg, S) = J, <§(„^. for all large n. ■ 

Remcirk 3.4. Prom the proof of Theorem 3.3 we get some comments as following. 

(i) Assume that Xi, . . . , is a weak-(PC)-sequence in lJi=i of ^ with respect to 
J. If dimDm(S'/ {xi, . . . , Xtj^*) = dimD^l'S')— t then dim D^^S/ {xi, . . . , a;^)^') = 
dimD^(5) - i for alll < i < 

(ii) If ki > and a; G S*,; is a weak-(PC)-sequence of S with respect to J such that 
dim D^{S/xS) = dim Dm{S) — 1 then 

e(t7, /cq) ■ ■ ■ ) ■ ■ ■ ) — c(>/, /cq, /ci, . . . , ki 1, . . . , /c^, (S/ xS"). 

(iii) If e( J, /co, /ci, . . . , kg, S) then for every weak-(PC)-sequence Xi, . . . ,Xt {t — 
ki + ■ ■ • + kg) of S with respect to J consisting of ki elements of Si, kg 
elements of Sg we always have 

dimDm{S/{xi, . . .,Xt)S) = dimA/((a;i, . . .,Xt)S : = i-t. 

(iv) Suppose that Xi, . . . ,Xt is a weak- (PC) -sequence in Ui=i of S with respect 
to J. Then dim Dtn{S/xiS) < dimDm('S') — 1. By induction we have 

dim Dr^{S/{xi, Xt)S) < dim D^{S) -t = £-t. 

If i — t then dimDm{S/{xi, . . . ,Xt)S) < 0. Hence {S/{xi, . . . ,Xt)S)++ is 
nilpotent by Remark 2.3(iv). So maximal weak-(PC)-sequence. 

This fact follows that the length of every weak-(PC)-sequence in [j^^i Si of S 
with respect to J is not greater than i. 
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Example 3.5: Let it! = 74[X, F] be a polynomial rings of indeterminates X,Y\ 
dim A — d > 2. Then is a finitely generated standard 2- graded algebra over A 
with degX = (l,0),degy = (0,1) and 



dim D^[R) — dim 



7n>0 



^n+l(JSCy)r 



dim ©„>o 



n+l 



m' 



dim^. 



It can be verified that X, F is a weak-(FC)-sequence of R with respect to m. Since 
dimD^{R/{X)) = dim(yl/m) = and d > 2, dimL)^(i?/(X)) < dimD^(i?) - 1. 

Prom Theorem 3.3, in the case s = 1, we get the following result for a graded 
algebra S = 0„>o'5n- 

Corollciry 3.6. Let S — ®„>o Sn be a finitely generated standard graded algebra 
over A such that S+ — 0„>o is non-nilpotent and J be an m-primary ideal of A. 

Set Dj{S) = 0„>o rSn/r^^Sn and dim D^{S) = i. Suppose that 

maximal weak- (FC) -sequence in Si of S with respect to J satisfying the condition 

dim D^{S/ {xi, . . . , Xq)S) — i — q. Then 

(i) e( J, i — i — l,i, S) ^ if and only if i < q and dim . . . , Xi)S : S^)a — 
i-i. 

(ii) Ife{J,i- i - l,i,S) then e{J,£- i-l,i,S) = eA{J,Sn/{xi, . . .,Xi)Sn-i) 
for all large n. 



Proof. By Theorem 3.3(ii) we immediately get (ii). Now let us to prove the part 
(i). The "if part. Assume that e( J, i — i — S) 0. First, we show that i < q. 
Assume the contrary that i > q. Since Xi, . . . ,Xq is a. weak-(FC)-sequence in Si of 
S with respect to J, applying Proposition 3.2(i) by induction on q, 

0^e{J,i-i-l, i, S) =e{J,e-i-l,i- q, S), 

where S = S/{xi, . . . , Xg)S. Since e( J, i — i — l,i — q, S) ^ and i — g > 0, by 
Proposition 3.2(ii), there exists an element x ^ Si such that x (the initial form 
of X in S*) is a weak-(FC)-clcmcnt of S with respect to J. By Proposition 3.2(i), 
dXva^DxniS I xS^ = i — q — 1. Hence xi, . . . , Xg, a; is a weak-(FC)-sequence in 5*1 of S 
with respect to J satisfying the condition 

dim D^{S/ {xi, . . . , Xg, x)S) = i — q — 1. 

We thus arrive at a contradiction. Hence i < q. Since e(J, £ — i — l,i, S) ^ 0, 
by Remark 3.4(iii), dimA/((a;i, . . . ,Xi)S : S^)a — i — i. We turn to the proof of 
sufficiency. Suppose that i < q and 

dimA/{{xi,...,Xi)S : S^)A^i-i. 
Since dim D^J^S/ (xi, . . . , Xg)S) = £ — g, it follows, by Remark 3.4(i), that 

dim D^{S/ {xi, . . . , Xi)S) — i — i 
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for all i < q. Since Xi,...,Xi is a ■weak-(FC)-sequence of S with respect to J 
satisfying the condition 

dimDra{S/{xi, . . . ,Xi)S) = dim^/((a;i, . . .,Xi)S : S^)a = i -i 

by Theorem 3.3(i), e{J,£- i-l,i,S)y^O. ■ 

Example 3.7: Let R = A[Xi, X2, . . . , X^] be the ring of polynomial in t indetermi- 
nates Xi,X2, . . . ,Xt with coefficients in A (dim A — d > 0). Then R = 0^>o Rm is 
a finitely generated standard graded algebra over A (see Example 2.2). Let J is an 
m-primary ideal of A. By Example 2.2, Xi, . . . , Xf E Ri is a, weak-(FC)-sequence of 
R with respect to J. Denote by P{n,m) the polynomial of ■^^( jn+f^ )■ We have 

n (T)\- r\\ ^^^T _ A[mXi, mXt] 
So"^^^'^^ m/l[mXi,...,mX,]- 

Since htm > 0, dim Djn{R) = dim A + = d+t-1. Hence deg P(n,m) = d+t-2. 
It is clear that R/ {Xi, . . . , Xi)R — . . . , Xt] for all i <t. Hence 

dimD^{R/{Xi,...,Xi)R) = dim D^{R) -i 

for all i < t. Let us calculate e{J, k^, ki, R), with ko + ki = d + t — 1. First, we 
consider the case ki > t. Since Xi, . . . , Xt_i is a wcak-(FC)-sequence of R with 
respect to J and dimDfri(-R/(^i) ■ ■ ■ = dim D^i^R) — i for alH < t — 1, by 

Remark 3.4(ii), 



e( J, A;o, i?) = e( J, A;o, A;i - (i - 1), i?/(Xi, . . . , Xt-i)R) = e( J, A;o, k^-t + l, A[Xt]). 



Denote by Q{m,n) the polynomial of £a{ /'n+i vm^ )- Since is regular element. 



jnj^m^ ^ J"^. Thus, for all large n, m, 

771 -v^m /I A 

Hence Q{n,m) is independent on m. Note that e{J,ko,ki — t + l,A[Xt]) is the 
coefficient of | -t+i) i m^^ "^"'"-^ in Q{n,m). Since /ci — t + 1 > 0, it follows that 

e( J, /Co, /ci, i?) = e( J, A;o, A;i - i + 1, = 0. 

In the case ki < t, since dim D^^R/ {Xi, . . . , X^Ji?) = dimDTO(-R) by Corollary 
3.6(i), e(J, /co, ki, i?) 7^ if and only if 

dimA/{{Xi, Xk^)R : R^)a ^d + t-l-ki. 

Since Xi, . . . , Xt arc independent indeterminates, 

{{Xi, . . . , Xk^)R : C ((-^1, ■ ■ ■ , -^fei)-R : ((X^^+i, . . . , = 0. 
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Hence dim>l/((Xi, . . . , Xk,)R : R^)a = dim A = d. Therefore, e( J, ko, h, R) ^ ii 
and only ii ki — t — 1. For ki — t — 1 (then /cq = d — 1), by Corollary 3.6(ii), we 
have 

e( J, d-l,t-l,R)^ eA{J, Ru/{Xu ■ ■ ■ , ^t-i)i?«-i) 

for all large u. Note that Ru = (Xi, . . . , So Ru/{Xi, Xt-i)Ru-i = 

Thus e(J, . . . = eA{J,X^A). Since X" is regular element in 

A[Xtl X^A ^ A. Hence e(J,d - l,i - = eA(J,J^tM) = eA{J,A). Prom the 
above facts we get 



e( J, /co, ki, R) 

Therefore 



liki^t-l 
eA{J,A) liki^t-l 



eiJ A) 

P{n,m) = -— — -i-y-^ -^n'^~^m}'~^ + {terms of lower degree}. 

yd — — Ij. 

Remcirk 3.8. Example 3.5 and Example 3.7 showed that for any weak-(FC)- 
sequence Xi, . . . ,Xt oi S with respect to J, one can get 

dim DJ^S/ (xi, . . . , xt)) < dim DJ^S) - t, 

and dim . . . , Xt)S : S^)a = dim[A/(0 : S^)a] - t although 

dimA/((xi, . . .,Xi)S : SDa 7^ dim[A/(0 : 5^)^] - i 

for some i < t. That is a difference of weak-(FC)-sequences in graded algebras and 
weak-(FC)-sequences of ideals in local rings. 

4. Applications 

As an application of Theorem 3.3, this section devoted to the discussion of mixed 
multiplicities of arbitrary ideals in local rings. 

Throughout this section, let {A, m) denote a Noetherian local ring with maximal 
ideal m, infinite residue k — A/m, and an ideal m-primary J, and /i, . . . , ideals 
of A such that I — Ii - • ■ Ig is non-nilpotent. Set S — A[Iiti, . . . , Igts]- Then 

jno C, , jno r"! . . . Tris 

I ^{ni,...,ns) N fj f '-^ ^1 s \ 

*^A(-r—TT7^ ) = (^a[ 



'J '->{ni,...,ns) -'l -'s 

is a polynomial of total degree (i\mDj{S) — 1 for all large no, ni, . . . , Ug. By Propo- 
sition 3.1 in [Vi], the degree of this polynomial is dim>l/0 : /°° — 1. Hence 
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dim Dj{S) = dim A/0 : Set dim>l/0 : ^ £. In this case, e(J, ko, h, . . . , k^, S) 

ior ko + ki-\ \- kg — i — 1 is called the mixed multiplicity of ideals (J, /i, . . . , Ig) 

of type {ko, ki, . . . , kg) and one put 

e( J, ko, k,,..., h, S) = e( J[^°+^], /f ^ . . . , jfU) 

(see [Ve2] or [HHRT]). By using the concept of (FC)- sequences of ideals, one trans- 
muted mixed multiplicities of a set of arbitrary ideals into Hilbert-Samuel multiplic- 
ities [Vi]. 

Definition 4.1 [see Definition, Vi]. Let Ji, . . . , be ideals such that I = Ii ■ ■ ■ Ig is 

a non nilpotent ideal. A element x G A is called an (FC)-element of A with respect 
to (/i, . . . ,Is) if there exists i e {1, 2, . . . , s} such that x & li and 

(FCi ) : (x) n • • • /r • • • = xl^' • • • 7f • • • I^^ for all large rii , . . . , . 

(FC2): X is a filter-regular element with respect to I , i.e., : x Q : 

(FC3): dimA/[{x) : 7~] = dim^/O : 7~ - 1. 

We call x a weak- (FC) -element with respect to {h, . . . , Ig) ifx satisfies conditions 
(FCi) and (FC2). 

Let Xi, . . . ,Xt be a sequence in A. For each i — 0,1, . . . ,t — 1, set A^ — 
A/{xi, . . . , Xi)S, Ij — Ij[A/{xi, . . . , Xi)], Xj+i the image o/xj+i in A^. Then 

Xi, . . . ,Xt is called a weak- (FC) -sequence of A with respect to {Ii, . . . ,Is) 
is a weak- (FC)-element of A^ with respect to (/i, . . . ,Is) for all i — 0,1, ... ,t — 1. 

xi, . . . ,Xt is called an (FC)-sequence of A with respect to {Ii, . . . , Ig) if Xj+i is 
an (FC)-element of A^ with respect to (/i, . . . ,Ig) for all i — 0,1, ... ,t — 1. 

A weak-(FC)-sequence Xi, . . . ,Xt is called a maximal weak- (FC)-sequence iflAf^i 
is a non-nilpotent ideal of At-i and I At is a nilpotent ideal of At. 

Remark 4.2. 

(i) The condition (FCi) in Definition 4.1 is a weaker condition than the condition 
(FCi) of definition of (FC)-element in [Vi]. 

(ii) If X e is a weak-(FC)-element with respect to {J, h, . . . , Ig), then it can 
be verified that x is also a weak-(FC)-element of S with respect to J as in 
Definition 2.1. 

(iii) li xi, . . . ,Xt is an (FC)-sequence with respect to {J, Ii, . . . , Ig), then from the 
condition (FC3) we follow that dimA/({xi, . . . ,Xt)S : -^^)a — i — t. Hence 

dimDj{S/{x,, Xt)S) = dimA/{{xu Xt)S : S^_,^)a = i-t 

that as in the state of Theorem 3.3(i). 
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(iv) By Lemma 3.1, e(J, ko,0, . . . ,0, S) if and only if dim A/(0 : 5(T,...,i))a = 
In this case, e{J,ko,0, . . . ,0, S) — eA{J, S(^n,...,n)) for all large n. But since 
dim>l/(0 : -^^^ = dim A/0 : I°°, dimA/(0 : S^^ .^^)a = t Hence 

e{J, kQ,0, . . . ,0, S) = e^iJ, S(n,...,n)) for all large n. It is a plain fact that 
eA{J, S(^n,...,n)) = ga{J,P'')- On the other hand by the proof of Lemma 3.2 
[Vi], 6^(7,/") = eA{J,A/Q : /°°) for all large n. Hence e( J, /cq, 0, . . . , 0, 5) = 
e^(J,A/0:/-). 

Then as an immediate consequence of Theorem 3.3, we obtained a more favorite 
result than [Theorem 3.4, Vi](see Remark 4.2 (i)) as follows. 

Theorem 4.3 [see Theorem 3.4, Vi]. Let {A, m) denote a Noetherian local ring with 
maximal ideal m, infinite residue k — A/m, and an ideal m-primary J, and Ii, . . . ,Is 
ideals of A such that I — Ii ■ • ■ Ig is non nilpotent. Then the following statements 
hold. 

(i) e( /f . . . , /?^', A) ^Ozf and only if there exists a weak-(FC)- sequence 
Xi, . . . ,Xt with respect to (J, /i, . . . , Is) consisting of ki elements of Ii, kg 
elements of Is and dimA/{xi, . . . ,Xt) : I°° — dimA/O : I°° — t. 

(ii) Suppose that e( jf . . . , li'"'\ A) ^ and xi, . . . , Xt is a weak-(FC)- 
sequence with respect to {J, Ii, . . . , Ig) consisting of ki elements of Ii, ks 
elements of Is- Set A = A/ {xi, . . . , xt) : . Then 

Note that one can get this result by a minor improvement in the proof of [Propo- 
sition 3.3, Vi](see [DVl]). Moreover, the filtration version of Theorem 4.3 is proved 
in [DV2]. 

Recently, [DVl] and [DV2] showed that from Theorem 4.3 one rediscover the 
earher result of Trung and Verma [TV] on mixed multiphcities of ideals. This fact 
proved that Theorem 3.3 covers the main results in [Vi] and [TV]. 
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